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a b s t r a c t

In this study an analytical procedure is developed based on the Kalman filtering

approach to estimate modal loads applied on a structure using limited measured

response of the structure. The effect of various variables such as the type of response,

the noise level, and the level of uncertainty in dynamic properties of the structure, on

the modal load estimation is evaluated in the frequency domain through numerical

analysis for a single-degree-of-freedom (SDOF) and a multi-degree-of-freedom (MDOF)

system. It is observed that the acceleration response is relatively more stable and robust

in external load estimation than other response components. The noise is amplified at

the high frequency range for the displacement or velocity response whereas in the case

of acceleration response the noise is not amplified in the estimated external load. It is

also found that the discrepancy between dynamic characteristics derived for an

analytical model and the actual structure causes the transfer function from the actual

load to the estimated load to distort near and below the structural natural frequency.

The estimation of external loads is extended to a MDOF system. The results show that

the modal loads can be estimated accurately from limited measurements of acceleration

response on the basis of the assumption that the measured response can be transformed

to the modal response by a proper orthogonal decomposition and the corresponding

modal properties used for the transformation can be obtained by a system identification

technique.

& 2009 Elsevier Ltd. All rights reserved.
1. Introduction

Mathematical models for dynamic loads acting on a building structure have been developed in design code around the
world for the analysis and design of structures [1–4]. Such mathematical models often may not be accurate due to the
uncertainties inherent in the associated loads and the underlying mathematical models. Furthermore, there are cases in
which no mathematical models are available because the external loads such as wind loads are too complex to be
expressed in a closed analytical form. In such cases experiments are generally carried out to simulate the loads [5,6].

More reliable mathematical models for dynamic loads can be obtained if they are constructed using a high frequency
force balance or synchronously measured pressure on a model surface. Such direct measurements of the excitation may
have an advantage in that the mathematical model is formulated based on reliable data; however it needs extensive
measurements program requiring elaborate wind tunnel and transducing systems. In full-scale measurements, it is not
feasible to measure directly loads applied on a structure. Therefore, it would be useful if the external loads can be estimated
All rights reserved.

+82 62 530 0250.

www.sciencedirect.com/science/journal/yjsvi
www.elsevier.com/locate/jsvi
dx.doi.org/10.1016/j.jsv.2009.05.003
mailto:jshwang@jnu.ac.kr


ARTICLE IN PRESS

Nomenclature

A 2n�2n dimensional system matrix
B 2n�n dimensional system matrix
B+ generalized inverse of matrix B

C p�2n dimensional system matrix
Co n�n damping matrix
Coi i-th modal damping
D p�n dimensional system matrix
e error between state variable and estimate

variable
E expectation sign
f n-dimensional external load
f̂ estimated load
Fi i-th modal load
I unit matrix
K Kalman filter gain
Ki i-th modal stiffness
Ko n�n stiffness matrix
M n�n mass matrix
Mi i-th modal mass
n degree of freedom of structure
P covariance matrix of error
Q1 covariance matrix of external load
Q2 covariance matrix of the noise

s Laplace variable
x n-dimensional displacement vector
€xr p-dimensional vector of the measured accel-

eration
y p-dimensional vector of the measured outputs
ŷ p-dimensional vector of the filter output
z 2n-dimensional state variable
ẑ 2n-dimensional vector of the estimated vari-

able
g the magnitude of covariance matrix of the

noise
D1 the error between the exact modal accelera-

tion response and estimated
e p-dimensional vector of the noise
Zi i-th generalized displacement
€Zr q-dimensional modal acceleration
l state variable in modal space
l
_

estimate variable in modal space
n output in the modal space
xi i-th mode’s damping ratio
fi i-th mode’s eigen vector
F n�n eigen matrix
Fr p� q eigen matrix
oi i-th mode’s natural frequency
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indirectly using the response of structure as the direct measurements of the excitation are not available. As a result, indirect
estimation of external loads has been attempted, which is an important type of inverse problem involving identification of
force from measured structural response.

External load estimation using the structural response has been evolving over several decades in engineering. [7,8] Law
et al. [9] developed a method to estimate wind loads and verified the method for estimating wind load acting on a 50 m
guyed mast. Lu and Law [10] proposed a method for identifying input excitation using the sensitivity measures of the
dynamic response with respect to the input force. Liu and Shepard [11] developed dynamic force identification in the
frequency domain based on enhanced least squares approach. The force identification has also been applied for
the estimation of moving loads [12–14]. Liu et al. [15] used the inverse algorithm to estimate steady-state sinusoidal and
rectangular signals applied on a cantilever plate. Ma et al. [16] and Ma and Ho [17] investigated the problem of force
identification of cantilever beam through numerical analysis and applied an inverse method to nonlinear structural
systems. Particularly, above three papers [15–17] made valuable contributions to the force identification and their success
has provided further impetus for the estimation of external loads. For example, Ref. [15] proposed an estimation method
utilizing measured response at a point different from the exciting point based on two distinct state space models (the
transfer measurement and the point measurement) realized by a linear identification technique with Markov parameters
and ERA realization and verified the feasibility and accuracy of proposed method with laboratory tests. In Ref. [16], the
estimation method based on the Kalman filter and a recursive least-squares algorithm was formulated and applied to a
multi-degree-of-freedom (MDOF) system constructed by the finite element discretization. The practicability of the
estimation method was verified for a cantilever beam subjected to different types of input force, e.g., sinusoidal, triangular,
rectangular impulses and random force. Ref. [17] proposes an advanced inverse method which is applicable to nonlinear
structural systems. By using the estimation method composed of the extended Kalman filter and recursive least-squares
estimator, it was shown that the input forces applied on nonlinear systems with the linear and cubic terms in the spring
and damper could be identified successfully.

However, these developments could not be extended in a straight forward manner to systems such as buildings. It was
generally assumed in these studies that the mass, stiffness, and damping matrices were known a priori for force
identification. But, the finite element model may yield large discrepancy in these features compared to the actual
structures and there are limitations when using system identification techniques. Further, the target forces in previous
works have been generally point loads acting at a specific DOF while wind loads acting on a building structure space and
time. As a result, it is very difficult to construct the state space model using the system identification techniques as used in
Ref. [15]. Therefore, it is more useful to perform the load identification in modal space rather than in the physical domain.
This implies that it is easier to obtain the natural frequencies, damping ratios, and mode shapes than the respective mass,
stiffness, and damping matrices. Typically, the response of a building subjected to the dynamic wind loads is primarily
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governed by the first few fundamental modes even though the building has numerous DOFs. In the case of vortex-induced
vibration, often the first vibration mode has a significant influence on the response of civil structures and in some cases like
tall poles the second mode may come into play. Consequently, the exact estimation of modal loads will provide useful
information for the design of buildings or slender structures such as chimney and tower.

Unfortunately, it is also noted that there exist uncertainties in the estimation of natural frequency and damping ratio
due to amplitude dependency and a variety of mechanisms responsible towards damping and inherent uncertainties
associated with damping estimates. These issues have not been explicitly addressed in previous studies. More recently,
both displacement and acceleration measurements have been made possible utilizing a GPS or accelerometer, which may
have their individual implications on the estimation of excitation.

In this study a procedure is developed to estimate external modal loads using measured structural response and the
Kalman filtering scheme. One of the focuses of this study is to identify the loading associated with a particular mode of
vibration with applications to vortex shedding induced loads. In order to treat practical issues that surface in applications,
the influence of variables such as the type of measured response, amplitude of associated noise, and the discrepancies in
the dynamic properties between the actual and the analytical models on the transfer function from actual load to the
estimated load is evaluated in the frequency domain. The estimation method is formulated in a closed-form in the modal
space to construct the loading model for structural design. The method is verified through numerical analysis of a single-
degree-of-freedom (SDOF) system subject to sinusoidal load representing simplified vortex shedding. In addition,
numerical analysis of a MODF system subjected to wind loads is also examined in order to demonstrate the feasibility of
the proposed method to large degrees of freedom systems. The method presented here can be further expanded and
applied to construct empirical models of dynamic wind load effects to estimate fatigue based on full-scale measurements.

2. Estimation of external loads

2.1. Estimation of loads based on Kalman filtering scheme

In this section, a procedure for the estimation of external loads using the Kalman filtering scheme is introduced. The
Kalman filtering has been reported extensively in the literature with mathematical rigor [18]. This study is confined only to
the utilization of the basic principles of the Kalman filtering scheme as it applies to the estimation of external loads. The
equation of motion of a structure subjected to a disturbance f is generally expressed as

M €xþ Co _xþ Kox ¼ f (1)

If the response components and system matrices are known, the external load can be computed as

f ¼ M €xþ Co _xþ Kox (2)

The system matrices, with some degrees of uncertainty, are determined from the finite element models. Generally,
however, only a few response components are measurable in practice. In this case, unmeasured responses required for
accurate estimation of the external loads can be estimated by the Kalman filter. Accordingly, in order to estimate all
variables from the measured output data, the following Kalman filter is utilized.

_̂z ¼ ðA� KCÞẑþ Ky (3a)

ŷ ¼ Cẑ (3b)

The matrices A and C are defined in the following state-space form of Eq. (1) [19]:

_z ¼ Azþ Bf (4a)

y ¼ Czþ Df þ � (4b)

The Kalman filter gain is obtained by minimizing the error between the state variable and the estimated variable. The
Kalman filter gain can be written as

K ¼ ðBQ1DT þ PCT
ÞðDQ1DT þ Q2Þ

�1 (5)

The covariance matrix of the error, P, can be obtained from following Riccati equation:

AP þ PAT
� ðCP þ DQ1BTÞTðDQ1DT þ Q2Þ

�1 � ðCP þ DQ1BTÞ þ BTQ1B ¼ 0 (6)

The covariance matrix Q1 of external load and the covariance matrix Q2 of the noise are simply assumed as the following,
respectively

Q1 ¼ E½ff T
� ¼ I

Q2 ¼ E½��T� ¼ gI (7a)
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By varying the factor g which represents the magnitude of the covariance matrix of noise, the optimum filter gain K and the
covariance matrix P of the filter gain can be estimated. The covariance matrix Q1 of the external load is assumed to be an
identity matrix because the load cannot be known a priori in the process of load estimation

The estimated variables are obtained from the Kalman filter presented in Eq. (3). As the error between the estimated
variables and the response of the structure (state variables) decreases, the estimated variables converge to the state
variables. Since the convergence depends on g, the optimal value for g needs to be obtained by a parametric study. If it is
assumed that optimal value for g is known and the estimated variables converge to the state variables, and then the state
equation presented in Eq. (4a) is written as follows:

_̂z ¼ Aẑþ Bf̂ (8)

Using the generalized inverse Bþ, Eq. (8) can be expressed as

f̂ ¼ Bþð _̂z� AẑÞ (9)

With Eq. (3a), Eq. (9) can be rewritten as

f̂ ¼ BþKðy� CẑÞ (10)

Using Eq. (4b), Eq. (10) can be expressed as

f̂ ¼ BþKCðz� ẑÞ þ BþKDf þ BþK� ¼ BþKCeþ BþKDf þ BþK� (11)

Eq. (11) suggests that the error, e, and the noise, e, as well as the actual load, f, influence the estimated load, f̂ .

2.2. Estimation of external load in modal space

The estimation procedure presented in previous section is applicable only when the mass, stiffness and damping
matrices of structure are fully known. For the application to a building or a slender structure in which response is
dominated by the first fundamental mode, the estimation method introduced in the previous section can be applied to the
single-degree-of-freedom system in modal space. In order to separate all of the modal responses from the measured
response of structure, the sensors as many as the number of DOF are needed to be installed in the structure. For example, as
the simplest method, based on the condition that acceleration responses of all DOFs, €x, are measurable and the eigen matrix
F is available, then the modal acceleration response vector, €Z, can be represented as

€Z ¼ F�1 €x (12)

In practice, however, due to the limitation on the number of accelerometers and corresponding identified mode shapes,
the measured acceleration responses can be approximately represented using the modal acceleration response as follows:

€x1

€x2

..

.

€xp

2
666664

3
777775 ¼

f11 f12 � � � f1q

f21 f22 � � � f2q

..

. ..
. . .

. ..
.

fp1 fp2 � � � fpq

2
6666664

3
7777775

€Z1

€Z2

..

.

€Zq

2
666664

3
777775 (13)

where €xj (j ¼ 1,y,p) is the acceleration response at the j-th DOF, €Zk (k ¼ 1,y,q) the k-th modal acceleration, and fjk the (j,
k)-th element of identified eigen matrix. In general, the number of modes is larger than that of accelerometers (q4p)
because modal properties and mode shapes can be obtained from relatively lesser number of acceleration response
measurements using system identification techniques. Simply, Eq. (13) can be expressed as

€xr ¼ Fr €Zr (14)

where the subscript r implies that the length of the vector is reduced.
From Eq. (14), the modal acceleration responses can be obtained from the measured acceleration responses using the

generalized inverse of the matrix, Fþr , as

€Zr ¼ Fþr €xr (15a)

€Zr ¼ F�1
r €xr ðif p ¼ qÞ (15b)

From Eqs. (12) and (15), the error between the exact modal acceleration response and estimated one can be expressed as

D1 ¼ ST €Z� ST
r €Zr ¼ STF�1 €x� ST

r F
�1
r €xr (16)

where S and Sr are location vectors used to choose the specific modal acceleration response with appropriate dimension.
For example, S can be expressed as S ¼ ½1 0 . . . 0�T in the case of the first modal acceleration response.

The error in Eq. (16) can be minimized by choosing the number of sensors to exceed the number of modes governing the
response of structure. In this study, the required number of sensors is determined in such a way that the number of sensors
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is larger than that of governing modes whose energy contribution is over 99 percent based on the proper orthogonal
decomposition (POD). [20,21] Using the modal response of structure from Eq. (16), Eq. (1) can be transformed to the modal
space

Mi €Zi þ Coi _Zi þ KiZi ¼ fT
i f ¼ Fi (17)

In the modal space, the state space equation and the modal output (n) obtained from acceleration response can be
represented as

_Z
€Z

" #
¼

0 1

�M�1
i Ki �M�1

i Coi

" #
Z
_Z

" #
þ

0

M�1
i

" #
Fi (18a)

n ¼ €Z ¼ ½�M�1
i Ki; �M�1

i Coi�
Z
_Z

" #
þM�1

i Fi (18b)

l ¼ ½Z _Z�T (18c)

f i ¼ Fi=Mi (18d)

Using Eq. (18c) and (18d), Eq. (18a) and (18b) can be simplified as

_l ¼ Ailþ Bif i (19a)

n ¼ Cilþ Dif i (19b)

System matrix Ai;Bi can be written as

Ai ¼
0 1

�o2
i �2xioi

" #
¼

0 1

�k �d

� �
(20a)

Bi ¼
0

1

� �
(20b)

Matrices Ci;Di are different depending on the response utilized. These matrices are presented in Table 1.
Following the scheme presented in the previous section, the modal load can be obtained as

f i ¼ Bþ
i
ð
_
l
_
� Ai l

_
Þ (21a)

f i ¼ Bþi Kiðn� Ci l
_
Þ (21b)

l
_

is estimate variable of Kalman filter defined in modal space and can be calculated from following Eq. (22).

_
l
_
¼ ðAi � KiCiÞ l

_
þKn (22)

The optimal Kalman filter gain Ki can be described in a closed-form in terms of variables g, k and d in Eq. (20) for SDOF
system by substituting the following matrix Pi into Eq. (6) and solving the Riccati equation:

Pi ¼
p1 p2

p2 p3

 !
Ki ¼

k1

k2

 !
(23)

The element of matrices Pi and Ki defined in Eq. (23) are presented in Table 2.
Finally, the modal load Fi can be calculated as the product f i obtained from Eq. (21) and the modal mass Mi. Where,

modal mass can be obtained based on system identification procedures, e.g., [22,23].
Table 1
Matrices C and D.

Response Matrix C Matrix D

Displacement (1 0) 0

Velocity (0 1) 0

Acceleration ½�o2
i � 2xioi�

1
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Table 2
Elements of the matrices P and K.

Response Matrix P Matrix K

Displacement p1 ¼ xa

p2 ¼ p2
1=2g k1 ¼ p1=k, k2 ¼ p2=g

p3 ¼ kp1 þ dp2 þ p1p2=g

Velocity p1 ¼ p3=k, p2 ¼ 0 k1 ¼ p2=k, k2 ¼ p3=g

p3 ¼ �dgþ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ ðdgÞ2

q
Acceleration p1 ¼ ðd

2=k2
þ gðgÞ=kÞp3 þ dhðgÞ=k2b k1 ¼ p3

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1=gð1þ gÞ

p
p2 ¼ p2

3=2g k2 ¼ �g=ð1þ gÞ þ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
g=ð1þ gÞ

p
p3 ¼ ð�dgþ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðdgÞ2 � 2kghðgÞ

q
Þ=k

a x4+3dgx3+4g2(d2+k)x2+8kdg3x�4g3
¼ 0.

b gðgÞ ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ð1þ gÞ=g

p
, hðgÞ ¼ g�

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
gðgþ 1Þ

p
.
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3. Transfer functions of estimated load

In this section, the influence of the type of response, amplitude of noise, and the discrepancy of dynamic properties
between the actual structures and the analytical model on the transfer function from actual load to the estimated load is
evaluated in the frequency domain for a SDOF system in modal space. For simplicity, the subscript representing a mode is
omitted.

3.1. Sensitivity to the type of response

To evaluate the effect of the type of response used to estimate the external loads in the frequency domain, using Eq. (11)
is examined by transforming it by the Laplace transformation.

f̂ ðsÞ ¼ BþKCeðsÞ þ BþKDf ðsÞ þ BþK�ðsÞ (24)

The error e(s) can be expressed as

eðsÞ ¼ ðsI � Aþ KCÞ�1ðB� KDÞf ðsÞ � ðsI � Aþ KCÞ�1K�ðsÞ (25)

Substituting Eq. (25) in Eq. (24), the estimated load can be expressed in the frequency domain as

f̂ ðsÞ ¼ TeðsÞf ðsÞ þ TZðsÞ�ðsÞ (26)

The transfer function from the actual load to the estimate load, Te(s), and the transfer function from the noise to the
estimate load, TZ(s), can be expressed as

TeðsÞ ¼ BþKðCTkðsÞðB� KDÞ þ DÞ (27a)

TZðsÞ ¼ BþKðI � CTkðsÞKÞ (27b)

TkðsÞ ¼ ðsI � Aþ KCÞ�1 (27c)

If there is no noise and the magnitude of the transfer function TeðsÞ is unit value for SDOF system in Eq. (26), then the
estimated load is identical to the actual load. However, the transfer function varies with the type of the response and the
estimated load is invariably contaminated by noise.

In Figs. 1 and 2, the magnitude and phase angle of the transfer function TeðsÞ are calculated in the frequency domain by
substituting for the Laplace variable ‘s’ by ‘io’ (i: complex number, o: angular velocity). Accordingly, jTeðioÞj and
phaseðTeðioÞÞ are compared for different type of measured response when g ¼ 10�8. The mass, natural frequency, and
damping ratio of the SDOF system used in the numerical simulation are presented in Table 3.

It is observed in Fig. 1 that the shape of transfer functions Te(s) varies with the type of the response. In the case of
displacement feedback in which displacement is used to estimate the load, the transfer function decreases rapidly in the
high frequency region. Whereas for the acceleration feedback, the transfer function is less than one in the low frequency
range. For the velocity feedback, however, the function has a unit value throughout the frequency range.

It can be noted in Fig. 2 that there is no phase lag when the external load is estimated by the velocity feedback. This
implies that the velocity feedback is more robust for estimating the load than other response components. Generally,
however, measuring the velocity response of structures is not convenient. Therefore, the use of acceleration feedback is the
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Fig. 1. Magnitude of the transfer functions Te(s) for different types of responses (solid line: velocity feedback, dashed line: acceleration feedback, dotted

line: displacement feedback).
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Fig. 2. Phase angle of the transfer functions Te(s) for different types of responses (solid line: velocity feedback, dashed line: acceleration feedback, dotted

line: displacement feedback).

Table 3
Dynamic properties of a SDOF system and Load 1.

Model structure in modal space Specification

Modal mass 1.0 (mass normalized)

Damping ratio (percent) 1.0

Natural frequency (Hz) 1.0

Analysis condition Time interval: 0.01 s

Duration: 600 s

Noise

Shape High pass filtered white noise

Frequency range over 40 Hz

Transfer function of HPF 0:004824s4 � 152:9s3 � 11;180s2 � 8:6� 106s� 2:635� 10�5

s4 þ 167:5s3 þ 1:572� 105s2 þ 1:192� 107sþ 5:645� 109

Load 1

Shape Sine wave

Frequency The same with the natural frequency of structure

J.-s. Hwang et al. / Journal of Sound and Vibration 326 (2009) 522–539528
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Fig. 3. The effect of the covariance matrix of the noise (g) on transfer function Te(s) for acceleration feedback.
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most practical option for estimating external loads. As mentioned in Section 2.1, since the accuracy of the transfer function
Te(s) depends on g, the optimal value for g needs to be obtained by parametric study. Fig. 3 shows that the transfer function
TeðsÞ is converging to the exact one as the g is decreased for the acceleration feedback.
3.2. The effect of noise

Typically full-scale data is corrupted by noise. In order to evaluate the effect of noise on the estimated load, the transfer
function from noise to external load given in Eq. (27b) is plotted in Fig. 4 for different types of response when g ¼ 10�8. It
can be observed that the transfer functions for displacement and velocity feedback are amplified on both sides of the
natural frequency, whereas the transfer function for the acceleration response converges units at the frequency range
higher than the natural frequency. This implies that the acceleration feedback provides stable estimation of external load
because frequency of noise is generally distributed in the high frequency range.
3.3. Sensitivity to dynamic properties

To estimate external loads accurately, reliable estimates of dynamic properties as well as the structural response are
needed. Dynamic properties derived from a finite element code may exhibit departure from those measured in the field,
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especially for concrete structures. [24] This discrepancy is reflected in the Kalman filter, therefore, Eq. (3) is rewritten as

_̂z ¼ ðÂ� K̂ĈÞẑþ K̂y (28a)

ŷ ¼ Ĉẑ (28b)

The system matrices Â, Ĉ and the filter gain K̂ of an analytical model need to be distinguished from those of the actual
structure, i.e., A, C and K. Using the scheme in Section 3.1, the transfer function from the actual load Te(s), and the transfer
function from the noise TZ(s), to estimated loads can be expressed as follows:

TeðsÞ ¼ BþK̂ðI � ĈðsI � Âþ K̂ĈÞK̂ÞðCðsI � AÞBþ D (29a)

TZðsÞ ¼ BþK̂ðI � ĈðsI � Âþ K̂ĈÞK̂Þ (29b)

Fig. 5 shows the transfer function Te(s) formulated in Eq. (29a) for an error estimate of +5, 0, and �5 percent in the natural
frequency for the acceleration response. It is observed that the transfer functions with an error of 75 percent have peaks
near the natural frequency and are even amplified in the frequency range below the natural frequency. This implies that the
actual load is transferred to estimated load as distorted by the error in the low frequency region. On the other hand, the
transfer functions from the actual load to the estimated load demonstrates the effect of discrepancies in damping ratios
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(1(exact), 0.5, 2 percent) as shown in Fig. 6. It is noted that the transfer functions Te(s) are unity in most of the frequency
range except around the natural frequency.

4. Numerical verification of the modal wind load

The estimation method is verified using the numerical analysis of a SDOF system subjected to a sinusoidal load and for a
MDOF system to dynamic wind loads, respectively. The sinusoidal input having the forcing frequency equal to that of the
SDOF system (Load 1) is used as the external load for the SDOF system with dynamic properties given in Table 3. In the case
of a MDOF system, the dynamic wind loads (Load 2) applied on each DOF of model structure are shown in Fig. 7. Their
fluctuations have been generated from a band pass filter whose salient features are given in Table 4. For the sake of
simplicity, it is assumed that the loads are statistically independent of each other and the magnitude of the loads linearly
increases with height. The cutoff frequency of the band pass filter is designed on the basis that wind load acting on the
structure excites the low frequency ranges in the vicinity of the first and the second natural frequency. Fig. 8 illustrates the
spectrum of the wind load applied on the third DOF and its comparison with the original band pass filter prior to scaling,
i.e., the maximum amplitude of the load is normalized as unit. It can be seen that the energy density of the load is high near
the first modal frequency range but it is wide enough to excite the higher modes.

The noise is obtained from the high pass filter and scaled with respect to the magnitude of responses. The transfer
function for the high pass filter and band pass filter is represented in Tables 3 and 4, respectively.

The verification process for the estimated external load is summarized below:
Step 1: Sinusoidal load is generated with the same frequency as that of the SDOF system and wind load and noise are

generated from low and high pass filters, respectively. The wind load acting on each DOF is transformed to modal wind load
using the modal matrix. The generated load in this step is called ‘the exact load’.

Step 2: Analyze the model structures (SDOF and MDOF) in Tables 3 and 4 subjected to the external load generated in step
1 and estimate acceleration response. The number of accelerometers is determined by the POD method and the modal
acceleration responses are calculated using the Eq. (6).

Step 3: Add the noise generated in step 1 into the response chosen in step 2 and estimate the external load using the
methodology proposed. The noise level and the uncertainty of dynamic properties are considered in this Step. The external
load estimated in this Step is called ‘the estimated load’.

Step 4: Verify the estimation method by comparing ‘the exact load’ and ‘the estimated load’ in time and frequency
domains.

4.1. Estimation of the sinusoidal load (Load 1)

First example concerns the estimation of the sinusoidal input Load 1 using the acceleration feedback. Fig. 9 compares
the time histories of the estimated forces for Load 1 with different magnitudes of noise when g ¼ 10�8. The maximum
value of the noise is scaled to be 1 and 3 percent of the maximum response. It can be observed that noise influences on the
estimated load depending on its magnitude. It was also observed in Fig. 4 that the noise is transmitted into the estimated
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Table 4
Dynamic properties of a MDOF system and Load 2.

Structure Specification

Story mass 416.84 t

Story damping 227.27 kN s/m

Story stiffness 1.0 E5 kN/m

Modal properties

Mode First Second Third Fourth Fifth

Mass (t) 1.170 1.385 2.007 3.922 14.442

Damping (percent) 0.5 1.46 2.31 2.96 3.38

Frequency (Hz) 0.70 2.048 3.228 4.147 4.731

Mode shape

1 floor 0.2846 �0.8308 1.3097 �1.6825 1.9190

2 floor 0.5462 �0.1088 0.3728 1.3979 �3.2287

3 floor 0.7635 �0.5944 �1.2036 0.5211 3.5133

4 floor 0.9190 0.3097 �0.7154 �1.8308 �2.6825

5 floor 1.0000 1.0000 1.0000 1.0000 1.0000

Analysis condition Time interval: 0.01 s, Total time: 600 s

Load 2

Shape Band pass filter

Cut off frequency of the band pass filter 0.1–2.0 Hz

Transfer function of the band pass filter ð1:091�10�5 s8þ0:003176 s7þ0:8245 s6þ96:75 s5Þþ2:041�104 s4�0:001038 s3�0:0004941 s2�0:0005185 sþ0:02413Þ

ðs8þ31:22 s7þ518:9 s6þ5;197 s5þ2:849�104 s4þ4:113�104 s3þ3:246�104 s2þ1:544�104 sþ3351Þ
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Fig. 8. The spectra of the band pass filter and the generated load (solid line: band pass filter, dotted line: generated load).
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load without amplification in the high frequency range for the acceleration feedback. The estimated loads resulting from
the displacement and velocity feedbacks are omitted because the noise impairs estimation of loads. Fig. 10 compares the
spectra of the estimated forces with two different noise levels to the spectrum of the exact Load 1.

Figs. 11 and 12 show the time histories of the estimated forces for Load 1 with the discrepancy in natural frequency and
damping ratio, respectively. The error in the natural frequency was set to be 75 percent and the damping ratio is assumed
to be 1 (exact), 0.5 and 2 percent. It can be observed that the amplitude and phase of the estimated load is affected (Fig. 11)
when the natural frequency is modeled incorrectly. Meanwhile the estimated load is simply amplified proportional to the
ratio of the assumed damping to the actual damping without phase lag in Fig. 12.
4.2. Estimation of the wind load (Load 2)

In this second example, the modal wind load (Load 2) is estimated using the acceleration feedback. In order to
determine the number of sensors, the singular value decomposition (SVD) is performed for the 5�5 dimensional
covariance matrix constructed by the analyzed acceleration responses of the model structure. The singular value and
corresponding energy contribution by POD method is presented in Table 5. Table 5 gives that the energy contribution of the
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Fig. 9. Time histories of estimated loads for Load 1 case with different noise levels (solid line: exact, dashed line: 1% noise, dotted line: 3% noise).
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Fig. 10. The spectra of estimated loads for Load 1 case with different noise levels (dashed line: exact, dotted line: 1% noise, solid line: 3% noise).
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Fig. 11. Time histories of estimated loads for Load 1 case with discrepancy in estimated natural frequency (dotted line: exact, dashed line: +5%

discrepancy, solid line: �5% discrepancy).
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Fig. 12. Time histories of estimated loads for Load 1 case with discrepancy in damping ratio (dotted line: 1% damping (exact), solid line: 0.5% damping,

dashed line: 2% damping).

Table 5
The singular value and the energy contribution.

The order of singular value Singular value of the covariance

matrix (10�3)

Cumulative sum of singular

values (10�3)

Energy contribution (percent)

First mode 12.9063 12.9063 86.60

Second mode 1.9148 14.8211 99.45

Thirdrd mode 0.0668 14.8879 99.90

Fourth mode 0.0114 14.8993 99.98

Fifth mode 0.0033 14.9026 100
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Fig. 13. Time histories of estimated loads for Load 2 case with different noise levels (solid line: exact, dotted line: 10% noise).
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first mode is 12.9063�10�3, the second mode is 1.9148�10�3 and the summation of the two mode’s energy contribution
is over 99 percent. Considering the energy contribution of the two modes, the number of accelerometers is determined to
be three.

The first modal wind load is identified from the first modal acceleration response which is calculated by Eq. (15) with
the 3�3 dimensional eigenmatrix given in bold in Table 4 and the accelerations obtained from accelerometers installed at
the first, third and fifth floor. The optimal sensor location is not investigated here. Figs. 13 and 14 compare the exact load to
the estimated loads in the time and frequency domains for three different noise levels of which maximum value are scaled



ARTICLE IN PRESS

10-2 10-1 100 101 102
10-6

10-4

10-2

100

102

104

5 %

15%

exact

Frequency (Hz)

P
ow

er
 s

pe
ct

ru
m

 o
f L

oa
d 

2

Fig. 14. The spectra of estimated loads for Load 2 case with different noise levels. (The two peaks between 4–5 Hz are induced by the fourth and fifth

modal acceleration responses which were not separated from the measured acceleration response.)
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Fig. 15. Correlogram between the actual and estimated loads. (Noise level ¼ 5%, Correlation coefficient ¼ 0.931.)
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Fig. 16. Correlogram between the actual and estimated loads. (Noise level ¼ 15%, Correlation coefficient ¼ 0.687.)
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Fig. 17. Time histories of estimated loads for Load 2 case with discrepancy in natural frequency (dotted line: exact, solid line: �5% discrepancy, dashed

line: +5% discrepancy).
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Fig. 18. The spectra of estimated loads for Load 2 case with discrepancy in natural frequency (dotted line: exact, solid line: �5% discrepancy, dashed line:

+5% discrepancy).
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to be 5, 10 and 15 percent of the maximum acceleration response, respectively. Similar to the result in the first example, the
level of noise influences the estimated load. However, it can be observed in Figs. 9 and 13 that the effect of the noise
included in the acceleration response is not significant in the case of dynamic wind load (Load 2) when compared to the
sinusoidal load case (Load 1). This can be explained by the fact that the magnitude of the acceleration response induced by
Load 2 is much lower than that induced by the Load 1 in which resonance takes place. In other words, the magnitude of
noise included in the Load 1 is much larger than that included in the Load 2 if the ratio of the noise to the response is the
same. It can be observed in Fig. 14 that the effect of noise becomes significant in high frequency range. In Fig. 14, the two
peaks between 4 and 5 Hz appear that are induced by the fourth and fifth modal acceleration response, which are not
separated from measured acceleration response. Figs. 15 and 16 show the correlograms between the exact and the
estimated loads for two different noise levels. The results demonstrate that the correlation coefficient decreases as the
noise level increases.

Figs. 17 and 18 compare the estimated load with the exact Load 2 in the time and frequency domains, respectively, for
75 percent errors in natural frequency. It can be observed in Fig. 17 that the 5 percent error in the natural frequency
induces a slight difference in the estimated loads. It can also be observed in Fig. 18 that the spectra of the estimated load are
slightly different from that of the exact load below natural frequency and a peak occurs near the natural frequency. The
correlograms between the exact load and the estimated load are shown in Figs. 19 and 20 in case that the error of natural
frequency is 0 and 5 percent, respectively. Fig. 19 demonstrates that the external load can be estimated with greater
reliability when there is no error in the frequency estimates. However, 5 percent error renders a lower level of correlation
between the estimated and the exact loads (Fig. 20). The noise and the discrepancy of natural frequency both apparently
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Fig. 19. Correlogram between the actual and estimated loads. (The error of natural frequency ¼ 0%, Correlation coefficient ¼ 0.985.)
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Fig. 20. Correlogram between the actual and estimated loads. (The error of natural frequency ¼ 5%, Correlation coefficient ¼ 0.682.)
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Fig. 21. Time histories of estimated loads for Load 2 case with discrepancy in damping ratio (dotted line: 0.5% damping (exact), solid line: 0.05% damping,

dashed line: 2.5% damping).
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Fig. 22. The spectra of estimated loads for Load 2 case with discrepancy in damping ratio (dotted line: 0.5% damping, solid line: 0.05% damping, dashed

line: 2.5% damping).
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Fig. 23. Correlogram between the actual and estimated loads. (The damping ratio ¼ 2.5%, Correlation coefficient ¼ 0.918.)
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have a notable influence on the estimation of external loads, but the trends are a bit different when comparing the
correlograms in Figs. 16 and 20. It is observed from Fig. 16 that the estimated load may be expressed as the sum of the exact
load and the noise. Meanwhile, the same trend is not observed in Fig. 20 where there is an apparent bias in the estimated
load.

For damping ratio discrepancies of 0.05 and 2.5 percent, the estimated loads are compared with the exact Load 2 in the
time and frequency domains in Figs. 21 and 22, respectively. These figures suggest that the discrepancy in the damping
ratio does not affect the estimated load except a peak that occurred near the natural frequency in the spectra. It can be also
noted in Fig. 23 that the estimated load is very close to the exact load with a correlation coefficient of 0.918.

From the analysis results it is found that the errors in dynamic properties do not affect the estimated force significantly
for Load 2. This is quite different from the case of the Load 1, which is very sensitive to the error in dynamic characteristics
because the input is composed of only one frequency component at the system natural frequency. Compared to the case of
Load 1, the estimates of force for Load 2 are relatively insensitive to the error because these are composed of a relatively
broad band of frequencies.
5. Conclusions

In this study an analytical procedure is derived based on the Kalman filtering scheme to estimate external loads applied
on a structure using the attendant structural response. The estimation methodology is formulated in a closed-form for a
SDOF system in modal space. The influence of various variables such as the type of response, the magnitude of noise and
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discrepancy in the estimation of dynamic properties on the estimated load is evaluated in both time and frequency
domains.

Transfer functions that relate the actual load to the estimated load show that the velocity feedback rather than the
displacement or acceleration feedback is the most stable in the estimation of external load. However, considering that the
noise is amplified in displacement and velocity feedbacks, the acceleration feedback is preferable for the estimation of
external loads. In the acceleration feedback, the noise included in the acceleration response is reflected in the estimated
load without any amplification in the frequency range higher than structural natural frequency.

It is observed that the discrepancy in the estimation of dynamic characteristics between an analytical model and the
prototype structure causes the transfer function from the exact load to the estimated load to be distorted near and below
the natural frequency. The discrepancy in estimation of natural frequency results in a difference in the phase angle of the
transfer functions, whereas a discrepancy in the damping ratio does not affect the transfer function to the same level as the
discrepancy in the natural frequency except near the natural frequency. The estimation of external force for structures
excited by a random load is relatively insensitive to the error in the estimation of structural dynamic features and external
noise whereas the estimated force is very sensitive to these errors for sinusoidal input.
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